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One of important problems in Finsler geometry is to study and

characterize Finsler metrics of constant flag curvature. Another
problem is to study and characterize projectively flat Finsler
metrics on an open domain in R™. In Riemannian geometry,
these two problems are essentially same by Beltrami theorem.
However, there are locally projectively flat Finsler metrics
which are not of constant flag curvature; and there are Finsler
metrics of constant flag curvature which are not locally
projectively flat. It’s a natural problem to discuss the
projectively flat Finsler metrics with constant flag curvature.
(a, B)-metrics is a computable class in Finsler metrics. It’s
interesting to classify the projectively flat («, 3)-metrics with
constant flat curvature. In this lecture, I will introduce the
recently result by Dr. Zhongmin Shen and me.
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Finsler Metrics and Geodesics

Finsler metric:

F :TM — R has the following properties
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Finsler Metrics and Geodesics

Finsler metric:

F :TM — R has the following properties

Fis C* on TM \ {0},
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Finsler Metrics and Geodesics

Finsler metric:

F :TM — R has the following properties

Fis C* on TM \ {0},

F(z,y) >0,

y # 0,
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Finsler Metrics and Geodesics
Finsler metric: F :TM — R has the following properties

Fis C* on TM \ {0},

F(z,y) >0, y#0,

F(z,\y) = AF(z,y), A>0.
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F : TM — R has the following properties
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Fis C* on TM \ {0},

Finsler Metrics

F(lC, y) > 07 y 7é 07 and Geodesics

F(z, \y) = AF(z,y), A>0.
The fundamental form g, (u,v) = g;;(z, y)u'v?,

1 2
gij = |:§F i|y1yJ > 0
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F : TM — R has the following properties

Finsler metric:
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Fis C* on TM \ {0},

Finsler Metrics

F(ll?, y) > 07 y 7é 07 and Geodesics

F(z, \y) = AF(z,y), A>0.
The fundamental form g, (u,v) = g;;(z, y)u'v?,
1
i =|5F >0
Jij [2 yiyd

Geodesics:
# 4 2G%(x,2) = 0, where G* = G'(x,y) are given by

G = ig“{[FQ]zmyzym - [FQ]mz}-
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Flag Curvature

Riemann curvature: R, (u) = R, (z,y)u”,

Rik =

oG" - 02GY

J
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R, =2 — ¢y — e
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Flag Curvature

Flag curvature:

gy (Ry(u), w)
gy (¥, ¥)8y (u, y) — [8y (v, w)]?’

K =K(P,y) =

where P = span{y,u} C T, M.
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Riemann curvature: R, (u) = R, (z,y)u”, Benling Li

_ i 52 a2 i A

g, oG PG PG 0606
Oxk Oxi Oyk Oyioyk  Oyi oyk

Flag Curvature

Flag curvature:

gy(Ry(u), u)

K=K = e, ) — gy ol

where P = span{y,u} C T, M.
For a Riemannian metric F' = /g;;(2)y'y/, g, = &,

Ry(“) = R(“’v y)y

g(Ry (), u) = g(R(u, y)y, u) = g(R(y, w)u,y) = g(Ru(y),y).
K(P,y) = K(P) (sectional curvature).
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Projectively Flat Finsler Metrics

Projectively flat metrics: G* = P(z,y)y’.

Another equivalent condition of projectively flat Finsler metric

F = F(x,y) on an open subset U C R",

This is by G. Hamel.

F$kylyk - le =0.
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Projectively Flat Finsler Metrics

Projectively flat metrics: G* = P(z,y)y’.
Another equivalent condition of projectively flat Finsler metric
F = F(x,y) on an open subset U C R",

szyzyLc - le =0.

This is by G. Hamel.
The flag curvature of projectively flat Finsler metrics:
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Projectively flat metrics: G* = P(z,y)y’.
Another equivalent condition of projectively flat Finsler metric
F = F(x,y) on an open subset U C R",

Projectively Flat

szyzyk — F.=0. Finsler Metrics

This is by G. Hamel.
The flag curvature of projectively flat Finsler metrics:

If G' = P(z,y)y’, then

P2_Pwmym

K= 22
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(a, f)-Metrics

An (a, 3)-metric is expressed in the following form,
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(o, B)-Metrics

An (a, f)-metric is expressed in the following form,

_ _B
F—agb(s), S_Oé,

where o = /a;j(7)y'y’ is a Riemannian metric and 8 = b;(z)y’
is a 1-form. ¢ = ¢(s) is a C'™ function on an open interval
(=bo, bp) satisfying

$0) =1,  d(s) = s¢/(s) + (b° — )" (5) > 0,
where b = ||z |-
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(o, B)-Metrics

An (a, f)-metric is expressed in the following form,

F=ag(s), s=0

(%

where o = /a;j(7)y'y’ is a Riemannian metric and 8 = b;(z)y’
is a 1-form. ¢ = ¢(s) is a C'™ function on an open interval
(=bo, bp) satisfying

$(0) =1, (s) —s¢'(s) + (b> — 5%)¢"(5) > 0,

where b = || 5z a-
Special («, f)-metrics:

b
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(o, B)-Metrics

An (a, f)-metric is expressed in the following form,

F=ag(s), s=2,
«@
where o = /a;j(7)y'y’ is a Riemannian metric and 8 = b;(z)y’
is a 1-form. ¢ = ¢(s) is a C'™ function on an open interval
(=bo, bp) satisfying

$0) =1,  ¢(s) = s¢'(s) + (b* — s*)¢"(5) > 0,

where b = ||z |-
Special («, f)-metrics:
¢(s) =1, F = «, Riemannian metric.
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(o, B)-Metrics

An (a, f)-metric is expressed in the following form,

_ _B
F—a¢(5), S_Oé,

where o = /a;j(7)y'y’ is a Riemannian metric and 8 = b;(z)y’
is a 1-form. ¢ = ¢(s) is a C'™ function on an open interval
(=bo, bp) satisfying

$0) =1,  ¢(s) = s¢'(s) + (b* — s*)¢"(5) > 0,

where b = ||z |-

Special («, f)-metrics:

¢(s) =1, F = «, Riemannian metric.
o(s) =1+ s, F = o+ 3, Randers metric.
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(o, B)-Metrics

An (a, f)-metric is expressed in the following form,

_ _B
F—OZ¢(S), S_Oé,

where o = /a;j(7)y'y’ is a Riemannian metric and 8 = b;(z)y’

is a 1-form. ¢ = ¢(s) is a C'™ function on an open interval
(=bo, bp) satisfying

$0) =1,  ¢(s) = s¢'(s) + (b* — s*)¢"(5) > 0,

where b = ||z |-

Special («, f)-metrics:

¢(s) =1, F = «, Riemannian metric.

o(s) =1+ s, F = o+ 3, Randers metric.

#(s) =1/(1 —s), F = a?/(a — 3), Matsumoto metric.
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(o, B)-Metrics

An (a, f)-metric is expressed in the following form,

_ _B
F—OZ¢(S), S_Oé,

where o = /a;j(7)y'y’ is a Riemannian metric and 8 = b;(z)y’

is a 1-form. ¢ = ¢(s) is a C'™ function on an open interval
(=bo, bp) satisfying

$0) =1,  ¢(s) = s¢'(s) + (b* — s*)¢"(5) > 0,

where b = ||z |-

Special («, f)-metrics:

¢(s) =1, F = «, Riemannian metric.

o(s) =1+ s, F = o+ 3, Randers metric.

#(s) =1/(1 —s), F = a?/(a — 3), Matsumoto metric.

On a Class of
Projectively
Flat Finsler
Metrics with
Constant Flag
Curvature

Benling Li

(o, B)-Metrics



The Relation

(o, B)-metrics

Finsler metrics

Proj ectively
Flat

Constant Flag
Curwature

On a Class of
Projectively
Flat Finsler
Metrics with
Constant Flag
Curvature

Benling Li

The Relation



Projectively Flat («a, 3)-Metrics

Classification

An Open
Problem

Indicatrix of

F=(a+p8)2/a



Projectively Flat («, 3)-Metrics Projectieary’
Metrics with
Constant Flag

Curvature
Benling Li
G = G’Z+aQsi0+ofl®(—QQQSOJrrOO)yiJr\II (—204Q50+r00>bi,
where G, is the geodesic coefficient of a and s;; = b;|; — b,
Tij = bij; + bjji, Sio = Sijy’, S0 = siob", roo = 14i;y'y’ and
_ ¢
@ = ¢ — s¢’ (o By Motaton
0 = ¢ 5¢ . ¢ sU
2((6— s0) + (12 = 2)0) ¢
1 i
v = - ¢ .
2 (¢ _ S(bl) + (b2 _ 82)¢”



There are many projectively flat (a, 3)-metrics which are trivial
(0 is parallel with respect to «, then « is projectively flat) such
as Matsumoto metric, etc. However there also exist many
nontrivial ones.
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There are many projectively flat («, §)-metrics which are trivial
(0 is parallel with respect to «, then « is projectively flat) such
as Matsumoto metric, etc. However there also exist many
nontrivial ones.

Proposition A Randers metric F = a+ (3 is locally projectively
flat if and only if o is locally projectively flat and B is closed.
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There are many projectively flat («, §)-metrics which are trivial
(0 is parallel with respect to «, then « is projectively flat) such
as Matsumoto metric, etc. However there also exist many
nontrivial ones.

Proposition A Randers metric F = a+ (3 is locally projectively
flat if and only if o is locally projectively flat and B is closed.

Theorem (Shen-Yildirim) Let (a + (3)%/a be a Finsler metric
on a manifold M. F is projectively flat if and only if
(i) by = 7{(1 + 2b%)a;; — 3b;b; },
(ii) the geodesic coefficients G, of o are in the form:
Gg =0y’ — Ta?l,
where T = 7(x) is a scalar function and 0 = a;(x)y’ is a 1-form
on M.
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On a Class of
Projectively
Flat Finsler
Metrics with

Theorem (Shen) Let F = a¢(s), s = B/a, be an (a, 3)-metric Ciepetient e
on an open subset U in the n-dimensional Euclidean space R" i 56

(n > 3), where a = \/a;;(x)y'y? and B = b;(z)y" # 0. Suppose
that the following conditions: (a) B is not parallel with respect
to a, (b) F is not of Randers type, and (c) db # 0 everywhere
or b= constant on U. Then F is projectively flat on U if and
only if the function ¢ = ¢(s) satisfies

{14 (b1 + kas®)s? + kos? o' (s) = (b + kas?){6(s) = 59/(5) ],
Projectively Flat
(e, B)-Metrics

b = 27{(1 + kb ay + (kaob® + kg)bibj}
G, =&y — 7'<]<110<2 + k’2ﬂ2>bi7

where T = 7(x) is a scalar function on U and ki, ke and ks are
constants.
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Examples: Projectively Flat Finsler
Metrics with Constant Flag Curvature

K= —i. Funk metric © on the unit ball B C R":

- I 1=z’

where y € T,B® ~ R".
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Examples: Projectively Flat Finsler
Metrics with Constant Flag Curvature

K= —%. Funk metric © on the unit ball B™ C R™:

o VOU-P)P + @y (zy)
1—|zf? 1= faf?’

where y € T,B® ~ R".
K = 0. Berwald’s metric

(VO =[Py + (2,)* + (@, 9))?
(1= 22/~ [Pyl + (z,)*”

where y € T, B" =~ R".
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The Funk metric and Berwald’s metric are related and they can
be expressed in the form

O=a+p B:M

o

where

g YAZEPRE+ @) 5 (o)

1— |z|? ’
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Lemma If

#(s) = 1+arstass®+azs®+ass* +ass®+agsS+ars +asgs®+o(s®)
satisfies

{1+ (k + ka2s®)s® + kss® 1o (s) = (k1 + kas?){o(s) — s¢/(s)},
then

k
az Ela a3:07 (7,5:0, a7:07
1 1
ay, = 7(]@.2 - k1/€3) - gk%,
Ly 4 k) (ks — Kuks) + S (o pvicies
a — - — @, -Metrics
° 120 TR T s Gorvarare
61 5
= ko — kik ka k2) — —k32
as 56( 2 — M 3)( + 3) 224

3L ok k% - —k‘*
RETTR 672 371928



Lemma (Li-Shen)Let F' = a¢(s), s = B/a, be an («, B)-metric
on an open subset U C R™ (n > 3), where o = \/a;;y'y? and

B = by’ # 0. Suppose that F is not of Randers type and db # 0
everywhere or b = constant on U. If F' is projectively flat with

constant flag curvature K, then K = 0.
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Lemma (Li-Shen)Let F' = a¢(s), s = B/a, be an («, B)-metric
on an open subset U C R™ (n > 3), where o = \/a;;y'y? and

B = by’ # 0. Suppose that F is not of Randers type and db # 0
everywhere or b = constant on U. If F' is projectively flat with

constant flag curvature K, then K = 0.

Sketch proof:

e (3 is parallel with respect to a.
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Lemma (Li-Shen)Let F' = a¢(s), s = B/a, be an («, B)-metric
on an open subset U C R™ (n > 3), where o = \/a;;y'y? and

B = by’ # 0. Suppose that F is not of Randers type and db # 0
everywhere or b = constant on U. If F' is projectively flat with

constant flag curvature K, then K = 0.

Sketch proof:

e (3 is parallel with respect to a.

Then G* = G*,, which means « is projectively flat. By
Beltrami theorem « has constant sectional curvature . If
Kk # 0, it’s easy to see that F' is a Riemannian metric. This
is excluded. Thus K = 0.

On a Class of
Projectively
Flat Finsler
Metrics with
Constant Flag
Curvature

Benling Li

Projectively Flat
(e, B)-Metrics
with Constant
Flag Curvature



Lemma (Li-Shen)Let F' = a¢(s), s = B/a, be an («, B)-metric
on an open subset U C R™ (n > 3), where o = \/a;;y'y? and

B = by’ # 0. Suppose that F is not of Randers type and db # 0
everywhere or b = constant on U. If F' is projectively flat with

constant flag curvature K, then K = 0.

Sketch proof:

e (3 is parallel with respect to a.

Then G* = G*,, which means « is projectively flat. By
Beltrami theorem « has constant sectional curvature . If
Kk # 0, it’s easy to see that F' is a Riemannian metric. This
is excluded. Thus K = 0.

e (3 is not parallel with respect to a.
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Lemma (Li-Shen)Let F' = a¢(s), s = B/a, be an («, B)-metric
on an open subset U C R™ (n > 3), where o = \/a;;y'y? and
B = by’ # 0. Suppose that F is not of Randers type and db # 0
everywhere or b = constant on U. If F' is projectively flat with
constant flag curvature K, then K = 0.
Sketch proof:
e (3 is parallel with respect to a.
Then G* = G*,, which means « is projectively flat. By
Beltrami theorem « has constant sectional curvature x. If
Kk # 0, it’s easy to see that F' is a Riemannian metric. This
is excluded. Thus K = 0.
e (3 is not parallel with respect to a.
By a direct computation we get

Ko?¢? = ¢% — oy + 20%= — Ta, Y y"E2 4+ 2720°T,

where § = fzyz7 T= 7'(1'),

/

Zi= (14 (ky + kos?)s® + kng)% — (k1 + kos?)s,

= (k1 + kos®)sE — {1 + (k1 + kos?)s® + kzs® }E )
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Special coordinate system: This is first used by Z. Shen.
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Special coordinate system: This is first used by Z. Shen.
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y' = y' =y,
where @ := /Y. _,(y*)?. Then
b _ bs  _
“= bz_sza’ p 2]
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Special coordinate system: This is first used by Z. Shen.

Fix an arbitrary point x, € U C R™. Make a change of
coordinates: (s,y®) — (y°) by

1 S

Yy = m@, Y=y,
where @ := /Y. _,(y*)?. Then
b 3 bs  _
o= ——a, = —a.
N V2 — 52

And

s& = m ST o

511)27_18204+§07 TzmY :TlszaJrTOa

where &y 1= &,y%, T := Tgay®. Let

&= 1( 9 9¢;
A Y A |

).
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By above identities, we obtain that

On a Class of
Projectively
Flat Finsl
9 .2 9 Meatric;nvsviiL
Kb ¢ a Constant Flag
. 2d2 - {32(§f —€11) + 720222 — 7ybsE + 272b2I‘} .
b?2 —s b? —s Benling Li
1 _ _ _
1= = 2
+W{23§1£O — 25810 — Tob:}a + &0 — oo-
— S

The above equation is equivalent to the two following equations
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By above identities, we obtain that Projoctivaly

Projectively
Flat Finsler

Metrics with
Kb2 2 d2 Constant Flag
> ¢2d2 - 5 {32(£f —€11) + 720222 — 7ybsE + 272b2I‘} S —
— S — S

Benling Li

1 S _
+\/ﬁ{28§1£0 — 25610 — Tob:}Oé + gg — 500.

The above equation is equivalent to the two following equations

2s(€1&0 — &10) — T0b=E = 0,

1
H{SQQ% — &) + 7% = 1ibsE + 27707 — Kb2¢2}@2
+ 5_(2) — &0 =0.
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By above identities, we obtain that

Kb2¢p? _ &2 ) i
ma2 - m{s2(ff —&11) + 72?22 — 1 bsE + 272b2f}

1 _ _ N _
+7{28§1£0 — 25610 — fob:}a + gg — 500.
52 _ o2
The above equation is equivalent to the two following equations

2s(€1&0 — &10) — T0b=E = 0,

{26 — &) + TER — 1ibsE + 20T — K247 [a?
+ & — &0 =0.
By Taylor expansion of ¢
d=14a1s+ ass® + ass* + ags® + ags® + 0(58)

we eventually proof K = 0.
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. oL . On a Class of

By above identities, we obtain that Projectively
Flat Finsler

Metrics with

Kb2¢2 5[2 Constant Flag
=2 2(¢2 2122 o) 212 Curvature
7[)2_82@ = m{s (51 _511)"_7— b°E _le8u+27— b F} . .
Benling Li

=+ 28§1€0 —25510 —fobE}@—‘y—Eg —goo.

1
\/ﬁ{

The above equation is equivalent to the two following equations

2s(€1&0 — &10) — T0b=E = 0,

{Sz(f% — &)+ 720222 — 71bsE + 2720°T — Kb2¢2}5y2

b2 _ 82
S
+&5 — &0 = 0.
Bv Tavl . £ Projectively Flat
(a, B)-Metrics
y Taylor expansion of ¢ (o O)-Motcicn

Flag Curvature

d=14a1s+ ass® + ass* + ags® + ags® + 0(58)

we eventually proof K = 0.
Remark: In this Lemma, we used the equivalent conditions of
projectively flat (o, 8 )-metrics.



Projectively Flat («, 3)-Metrics with
Zero Flag Curvature
Lemma(Li-Shen) Let F' = a¢(s), s = f/a, be an («, B)-metric
on an open subset U C R™ (n > 3), where o = \/a;;y'y? and
B =b;y’ #0. Suppose that F is not of Randers type, (3 is not

parallel with respect to o and db # 0 everywhere or
b = constant on U. If F is projectively flat with K = 0, then

(V1 + ks? +es)?
V1+ ks?

where k = £(3ky + 2k3) and € = :I:%\/kl — ks.
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Projectively Flat («, 3)-Metrics with
Zero Flag Curvature

Lemma(Li-Shen) Let F' = a¢(s), s = f/a, be an («, B)-metric
on an open subset U C R™ (n > 3), where o = \/a;;y'y? and

B =b;y’ #0. Suppose that F is not of Randers type, (3 is not
parallel with respect to o and db # 0 everywhere or

b = constant on U. If F is projectively flat with K = 0, then

(V1 + ks? +es)?
V1+ ks?

where k = £(3ky + 2k3) and € = :I:%\/kl — ks.
Sketch proof: By assumption that K = 0, we have

¢ =

3{ —as® = (14 2kys” + kas” + 2kos)al + (R + kzs2)232}T2¢>2
+ 6{”% —s(k1 + k252)}D(8)7’2¢/¢ +372D(s)%¢"* = 0,

where D(s) = 1+ (k1 + k2s?)s? + kss?. By discuss this
equation we get the result.
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By the above two lemmas we obtain the following.

Theorem(Li-Shen) Let F' = a¢(s), s = f/a, be an

(a0, B)-metric on an open subset U in the n-dimensional

Euclidean space R"™ (n > 3), where a = \/a;;y'y? and

B =b;y’ #0. Suppose that db # 0 everywhere or b = constant

onU. Then F is projectively flat with constant flag curvature

K if and only if one of the following holds
(i) « is projectively flat and (3 is parallel with respect to «;
(il) F = /a2 + kB2 + €8 is projectively flat with constant flag
curvature K < 0, where k and € # 0 are constants;

(iii) F = (v/a?+ kB2 4+ €3)?/\/a? + kB2 is projectively flat

with K =0, where k and € # 0 are constants.
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By the above two lemmas we obtain the following.
Theorem(Li-Shen) Let F' = a¢(s), s = f/a, be an

(a0, B)-metric on an open subset U in the n-dimensional
Euclidean space R"™ (n > 3), where a = \/a;;y'y? and

B =b;y’ #0. Suppose that db # 0 everywhere or b = constant
onU. Then F is projectively flat with constant flag curvature
K if and only if one of the following holds

(i) « is projectively flat and (3 is parallel with respect to «;
(il) F = /a2 + kB2 + €8 is projectively flat with constant flag

curvature K < 0, where k and € # 0 are constants;

(iii) F = (v/a?+ kB2 4+ €3)?/\/a? + kB2 is projectively flat
with K =0, where k and € # 0 are constants.

e It is a trivial fact that if F' is trivial and the flag curvature

K = constant, then it is either Riemannian (K # 0) or locally
Minkowskian (K

=0). (by S. Numata).

On a Class of
Projectively
Flat Finsler
Metrics with
Constant Flag
Curvature

Benling Li

Classification



e The Finsler metric in (ii) is of Randers type, i.e.,
F=a+p,

where @ := /a2 + k32 and § := €.

Shen proved that a Finsler metric in this form is projectively
flat with constant flag curvature if and only if it is locally
Minkowskian or it is locally isometric to a generalized Funk
metric

F=c(a+p)
on the unit ball B™ C R™, where ¢ > 0 is a constant, and
V(= [z)]y? + (z,y)?

1= [af?

B = {0l e @)

1—1|z|?  1+{a,zx

where a € R"™ is a constant vector.
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On a Class of
Projectively
Flat Finsler
Metrics with

e The Finsler metric in (iii) is in the form Constant Flag
_ ~ _ Benling Li
F=(a+0)?/a, ’
where & := /a2 + kB2 and 3 := €. It is proved (by Mo, Shen
, Yang and Yildirim) that a non-Minkowkian metric
F = (a+ p)?/a is projectively flat with K = 0 if and only if it
is, after scaling on z, locally isometric to a metric

F=cla+p)?*/a

on the unit ball B" C R", where ¢ = constant, & = A\a and
8 = A3, where & and [ are given in (1) and (2), and

(1+ (a,z))?

A=
1—[z|?

Classification



An Open Problem

Is there any metric F = (a + )%/« of constant flag curvature
which is not locally projectively flat?
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Indicatrix of F: Given a Minkowski space (V, F),

Sp = {y eVI|F(y) = 1}.

Indicatrix of

F=(a+8)2/a
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F=(a+p)?/a,a=/(y")?+(y?)? B=>b(z)y". The

indicatrix of F':

y2

— R W

bodars L

Indicatrix of

F = (a+8)2/a
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F=(a+p)?/a,a=/(y")?+(y?)? B=>b(z)y". The
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F=(a+p)?/a,a=/(y")?+(y?)? B=>b(z)y". The

indicatrix of F':
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Indicatrix of
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indicatrix of F':

Indicatrix of
F = (a+8)2/a
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Thank you very much!
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